THE EXISTENCE OF EMBEDDED MINIMAL HYPERSURFACES 



CAMILLO DE LELLIS AND DOMINIK TASNADY 

Abstract. We give a shorter proof of the existence of nontrivial closed minimal hypcrsur- 
faces in closed smooth (n + l)-dimcnsional Ricmannian manifolds, a theorem proved first 
by Pitts for 2 < n < 5 and extended later by Schocn and Simon to any n. 



0. Introduction 

In this paper we give a proof of the following theorem, a natural generalization of the 
classical existence of nontrivial simple closed geodesies in closed 2-d Riemannian manifolds. 

Theorem 0.1. Let M be an (n + 1) -dimensional smooth closed Riemannian manifold. Then 
there is a nontrivial embedded minimal hypersurface EcM without boundary with a singular 
set Sing E of Hausdorff dimension at most n — 7. 

More precisely, £ is a closed set of finite 7i n -measure and Sing E C Eis the smallest closed 
set S such that M \ S is a smooth embedded hypersurface (S \ Sing £ is in fact analytic 
if M is analytic). In this paper smooth will always mean C°°. In fact, the result remains 
true for any C A Riemannian manifold M, £ then will be of class C 2 (see [19]). Moreover 
Js\sing e w = " f° r an y exact n-form on M. The case 2 < n < 5 was proved by Pitts 
in his groundbreaking monograph [16], an outstanding contribution which triggered all the 
subsequent research in the topic. The general case was proved by Schoen and Simon in [19], 
building heavily upon the work of Pitts. 

The monograph [16] can be ideally split into two parts. The first half of the book imple- 
ments a complicated existence theory for suitable "weak generalizations" of global minimal 
submanifolds, which is a version of the classical min-max argument introduced by Birkhoff 
for n — 1 (see [5]). The second part contains the regularity theory needed to prove Theorem 
0.1. The curvature estimates of [18] for stable minimal surfaces are a key ingredient of this 
part: the core contribution of [19] is the extension of these fundamental estimates to any 
dimension, which enabled the authors to complete Pitts' program for n > 5. 

[19] gives also a quite readable account of parts of Pitts' regularity theory. To our knowl- 
edge, there is instead no contribution to clarify other portions of the monograph, at least in 
general dimension. Indeed, for n = 2, the unpublished PhD thesis of Smith (see [21]) gives 
a powerful variant of Pitts approach. Building on ideas of Simon, the author proved the ex- 
istence of minimal embedded 2-spheres in any M which is topologically a 3-sphere (further 
theorems in general Riemannian 3-manifolds have been claimed in [17]; [6] and [12] contain 
a complete proof of the Simon-Smith Theorem and of a statement in the direction of [17]). 
Smith's aproach relies heavily on the features of 2-dimensional surfaces in 3-manifolds, most 
notably on the celebrated paper [13], and therefore it is not feasible in higher dimensions. 

This paper gives a much simpler proof of Theorem 0.1. Our contribution draws heavily on 
the existing literature and follows Pitts in many aspects. However we introduce some new 
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ideas which, in spite of their simplicity, allow us to shorten the proof dramatically. These 
contributions are contained in Sections 3 and 4 of the paper, but we prefer to give a complete 
account of the proof of Theorem 0.1, containing all the necessary technical details. We leave 
aside only those facts which are either (by now) classical results or for which we can give a 
precise reference. 

0.1. Min— max surfaces. In what follows M will denote an (n + l)-dimensional smooth 
Riemannian manifold without boundary. First of all we need to generalize slightly the 
standard notion of 1-parameter family of hypersurfaces, allowing for some singularities. 

Definition 0.2. A family {I\} t6 r 0; ip of closed subsets of M with finite 7i n -measure is called 
a generalized smooth family if 

(si) For each t there is a finite P t C M such that T t is a smooth hypersurface in U; 
(s2) 7i n {T t ) depends smoothly on t and 1 1— > r t is continuous in the Hausdorff sense; 

(s3) on any U CC M \ P to , T t ^5 T to smoothly in U. 
{r*}iG[o,i] i s a sweepout of M if there exists a family {f2 t } tg [ 0il ] of open sets such that 
(swl) (r t \ dOt) C Pt for any t; 
(sw2) Q = and Q 1 = M; 
(sw3) Vol(O t \ Q s ) + Vol(fi s \ O t ) -> ast-* s. 

Remark 0.3. The convergence in (s3) means, as usual, that, ifU CC M\P to , then there is 
5 > such that, for \t — 1 \ < 5, T t fl U is the graph of a function g t over T to PI U. Moreover, 
given k G N and e > 0, \\gt\\c k < e provided 5 is sufficiently small. 

We introduce the singularities Pt for two important reasons. They allow for the change of 
topology which, for n > 2, is a fundamental tool of the regularity theory. It is easy to exhibt 
sweepouts as in Definition 0.2 as it is witnessed by the following proposition. 

Proposition 0.4. Let f : M — > [0, 1] be a smooth Morse function. Then {{/ = t}}f g [ 0i i] is 
a sweepout. 

The obvious proof is left to the reader. For any generalized family {T t } we set 

^({Tt}) := max?T(r t ). (0.1) 

te[o,i] 

A key property of sweepouts is an obvious consequence of the isoperimetric inequality. 

Proposition 0.5. There exists C(M) > such that J-~({r t }) > C(M) for every sweepout. 

Proof. Let {fit} be as in Definition 0.2. Then, there is to G [0, 1] such that Vol(f2t ) = 
Vol(M)/2. We then conclude H n (T to ) > c " 1 (2- 1 Vol (M))^, where c is the isoperimetric 
constant of M. □ 

For any family A of sweepouts we define 

(0.2) 



m n (A) := infjF = inf 

A {r 4 }eA 



max n n (T t ) 

te[o,i] v J 



By Proposition 0.5, m (A) > C(M) > 0. A sequence {{r 4 } } C A is minimizing if 

lim F({T t } k ) = m (A) . 

k— >oo 



THE EXISTENCE OF EMBEDDED MINIMAL HYPERSURFACES 



3 



A sequence of surfaces {rjj? } is a min-max sequence if is minimizing and H. n (r5 ) — > 

mo (A). The min-max construction is applied to families of sweepouts which are closed under 
a very natural notion of homotopy. 

Definition 0.6. Two sweepouts and {Tj} are homotopic if there is a generalized family 
{r*}iG[o,i] 2 suc h that T( s ) = T° and = Y\. A family A of sweepouts is called homotopi- 
cally closed if it contains the homotopy class of each of its elements. 

Ultimately, this paper gives a proof of the following Theorem, which, together with Propo- 
sition 0.4, implies Theorem 0.1 for n > 2 (recall that Morse functions exist on every smooth 
compact Riemannian manifold without boundary; see Corollary 6.7 of [14]). 

Theorem 0.7. Let n > 2. For any homotopically closed family A of sweepouts there is 
a min-max sequence {Tj } converging (in the sense of varifolds) to an embedded minimal 
hypersurface E as in Theorem 0.1. Multiplicity is allowed. 

The smoothness assumption on the metric g can be relaxed easily to C 4 . The ingredients of 
the proof where this regularity is needed are: the regularity theory for the Plateau problem, 
the unique continuation for classical minimal surfaces and the Schoen-Simon compactness 
theorem. C 4 suffices for all of them. 

The paper is organized as follows: Section 1 contains some preliminaries, Section 2 gives 
an overview of the proof of Theorem 0.7, Section 3 contains the existence theory and the 
Sections 4 and 5 contain the regularity theory. 

1. Preliminaries 

1.1. Notation. Throughout this paper our notation will be consistent with the one intro- 
duced in Section 2 of [6]. We summarize it in the following table. 



Inj (M) the injectivity radius of M; 

B p (x), B p (x), dB p (x) the open and closed ball, the distance sphere in M; 

diam(G) the diameter of G C M ; 

d(G 1 ,G 2 ) mf xeGl>yeG2 d{x,y) ; 

Bp the ball of radius p and centered in in M n ; 

exp x the exponential map in M at x £ M; 

An(x, r, t) the open annulus B t (x) \ B T (x); 

AH r {x) the set {An(x, r, t) where < r < t < r}; 

X(M), X C (U) smooth vector fields, smooth vector fields supported in U. 



Remark 1.1. In [6] the authors erroneously define d as the Hausdorff distance. However, 
for the purposes of both this and that paper, the correct definition of d is the one given here, 
since in both cases the following fact plays a fundamental role: d(A, B) > =^ A H B = 0. 
Note that, unlike the Hausdorff distance, d is not a distance on the space of compact sets. 

1.2. Caccioppoli sets and Plateau's problem. We give here a brief account of the theory 
of Caccioppoli sets. A standard reference is [11]. Let E C M be a measurable set and consider 
its indicator function 1e (taking the value 1 on E and on M \ E). The perimeter of E is 
defined as 

Pei(E) := sup jy l^divc; : u £ X(M), \\uj\\ c o <l|. 
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A Caccioppoli set is a set E for which Per (E) < oo. In this case the distributional derivative 
DIe is a Radon measure and Per E corresponds to its total variation. As usual, the perimeter 
of E in an open set U, denoted by Per (E, U), is the total variation of DIe i n the set U. 

We follow De Giorgi and, given a Caccioppoli set Q C M and an open set U C M, we 
consider the class 

V{U,Q) := {Q'CM : Q'\U = Q\U}. (1.1) 

The theorem below states the fundamental existence and interior regularity theory for De 
Giorgi's solution of the Plateau problem, which summarizes results of De Giorgi, Almgren, 
Simons and Federer (see [11] for the case M = M. n+l and Section 37 of [20] for the general 
case) . 

Theorem 1.2. Let U, Q C M be, respectively, an open and a Caccioppoli set. Then there 
exists a Caccioppoli set E £ V(U, Q) minimizing the perimeter. Moreover, any such mini- 
mizer is, in U, an open set whose boundary is smooth outside of a singular set of Hausdorff 
dimension at most n — 7. 

1.3. Theory of varifolds. We recall here some basic facts from the theory of varifolds; see 
for instance chapters 4 and 8 of [20] for further information. Varifolds are a convenient way 
of generalizing surfaces to a category that has good compactness properties. An advantage of 
varifolds, over other generalizations (like currents), is that they do not allow for cancellation 
of mass. This last property is fundamental for the min-max construction. If U is an open 
subset of M, any finite nonnegative measure on the Grassmannian G(U) of unoriented n- 
planes on U is said to be an n-varifold in U. The space of n-varifolds is denoted by V(U) and 
we endow it with the topology of the weak* convergence in the sense of measures. Therefore, 
a sequence {V k } C V(U) converges to V if 

lim / ip(x, it) dV k (x, tt) = / <p(x,ir) dV(x,ir) for every (p £ C C (G(U)). 

k^co J J 

Here 7r denotes an n-plane of T X M. If U' C U and V £ V(U), then VLU' is the restriction 
of the measure V to G(U'). Moreover, ||V|| is the nonnegative measure on U defined by 

ip(x) d\\V\\(x) = [ ip(x)dV(x,n) V<peC e (U). 
Jg{u) 

The support of ||V||, denoted by supp (||V||), is the smallest closed set outside which ||V|| 
vanishes identically. The number ||V||({7) will be called the mass ofV in U. 

Recall also that an n-dimensional rectifiable set is the countable union of closed subsets 
of C 1 surfaces (modulo sets of H n -measure 0). If R C U is an n-dimensional rectifiable set 
and h : R — > R + is a Borel function, then the varifold V induced by R is defined by 



(p(x, tt) dV(x, tt) = / h(x)<p(x, T X R) dU n {x) Vv? £ C C (G(U)) . (1.2) 
>G(u) Jr 

Here T X R denotes the tangent plane to R in x. If h is integer- valued, then we say that V is 
an integer rectifiable varifold. If E = IJrijEj, then by slight abuse of notation we use E for 
the varifold induced by E via (1.2). 

If ijj : U U' is a diffeomorphism and V £ V(U), ip$V £ V(U') is the varifold defined by 

<p(y,<r)d(^V)(y,a) = / Jijj{x,>K) <p(if>(x), # x (tt)) dV(x,7r) ; 
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where Jip(x,ir) denotes the Jacobian determinant (i.e. the area element) of the differential 
dil) x restricted to the plane ir; cf. equation (39.1) of [20]. Obviously, if V is induced by a C 1 
surface S, V is induced by ^(^)- 

Given x £ X C (U), let ip be the isotopy generated by Xi = xC0)- The first and 

second variation of V with respect to x are defined as 



mix) = j t (\mt,-w\\)(u) 



and [8 2 V](x) = ^(\m,-hV\\)(U) 



cf. sections 16 and 39 of [20]. V is said to be stationary (resp. stable) in U if [5V](x) = 
(resp. [<5 2 ^](x) > 0) for every x G ^ C (C7). If V is induced by a surface S with <9E c <9£7, V 
is stationary (resp. stable) if and only if S is minimal (resp. stable). 

Stationary varifolds in a Riemannian manifold satisfy the monotonicity formula, i.e. there 
exists a constant A (depending on the ambient manifold M) such that the function 

m := ^EMEpi (1 . 3) 

is nondecreasing for every x (see Theorem 17.6 of [20]; A = if the metric of M is flat). 
This property allows us to define the density of a stationary varifold V at x, by 

\\V\\(B r (x)) 



9(x,V) = lim 



r-»0 ui n r n 



1.4. Schoen— Simon curvature estimates. Consider an orientable U C M. We look here 
at closed sets r C M of codimension 1 satisfying the following regularity assumption: 

(SS) r PI U is a smooth embedded hypersurface outside a closed set S with TC n ~ 2 (S) = 0. 

T induces an integer rectifiable varifold V. Thus T is said to be minimal (resp. stable) in U 
with respect to the metric g of U if V is stationary (resp. stable). The following compactness 
theorem, a consequence of the Schoen-Simon curvature estimates (cp. with Theorem 2 of 
Section 6 in [19]), is a fundamental tool in this note. 

Theorem 1.3. Let U be an orientable open subset of a manifold and {g k } and {T k }, respec- 
tively, sequences of smooth metrics on U and of hyper surf aces {T k } satisfying (SS). Assume 
that the metrics g k converge smoothly to a metric g, that each T k is stable and minimal 
relative to the metric g k and that sup7i n (r fc ) < oo. Then there are a subsequence of {T h } 
(not relabeled), a stable stationary varifold V in U (relative to the metric g) and a closed set 
S of Hausdorff dimension at most n — 7 such that 

(a) V is a smooth embedded hypersurface in U\S; 

(b) r fe — » V in the sense of varifolds in U; 

(c) T fc converges smoothly to V on every U' CC U\S. 

Remark 1.4. The precise meaning of (c) is as follows: fix an open U" C U' where the 
varifold V is an integer multiple N of a smooth oriented surface S. Choose a normal unit 
vector field on E (in the metric g) and corresponding normal coordinates in a tubular neigh- 
borhood. Then, for k sufficiently large, T k H U" consists of N disjoint smooth surfaces T k 
which are graphs of functions f k G C°°(S) in the chosen coordinates. Assuming, w.l.o.g., 
< /2 < • • • — f%} each sequence {^ k }k converges to E in the sense of Remark 0.3. 
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Note the following obvious corollary of Theorem 1.3: if T is a stationary and stable surface 
satisfying (SS), then the Hausdorff dimension of SingT is, in fact, at most n — 7. Since we 
will deal very often with this type of surfaces, we will use the following notational convention. 

Definition 1.5. Unless otherwise specified, a hypersurface V G U is a closed set of codi- 
mension 1 such that V \ V G dU and Sing V has Hausdorff dimension at most n — 7. The 
words "stable" and "minimal" are then used as explained at the beginning of this subsection. 
For instance, the surface £ of Theorem 0.1 is a minimal hypersurface. 



2.1. Isotopies and stationarity. It is easy to see that not all min-max sequences converge 
to stationary varifolds (see [6]). In general, for any minimizing sequence {{r i } fc } there is 
at least one min-max sequence converging to a stationary varifold. For technical reasons, 
it is useful to consider minimizing sequences {{Pt} fc } with the additional property that any 
corresponding min-max sequence converges to a stationary varifold. The existence of such a 
sequence, which roughly speaking follows from "pulling tight" the surfaces of a minimizing 
sequence, is an important conceptual step and goes back to Birkhoff in the case of geodesies 
and to the fundamental work of Pitts in the general case (see also [7] and [8] for other 
applications of these ideas). In order to state it, we need some terminology. 

Definition 2.1. Given a smooth map F : [0, 1] — > X(M), for any t G [0, 1] we let ty t '■ 

[0, 1] x M — > M be the one-parameter family of diffeomorphisms generated by the vectorfield 
F(t). If {rt}t e [o,i] is a sweepout, then {^t{s, ^t)}(t,s)e[o,i} 2 is o, homotopy between {T t } and 
{^(1, r t )}. These will be called homotopies induced by ambient isotopies. 

We recall that the weak* topology on the space V(M) (varifolds with bounded mass) is 
metrizable and we choose a metric T> which induces it. Moreover, let V s C V(M) be the 
(closed) subset of stationary varifolds. 

Proposition 2.2. Let A be a family of sweepouts which is closed under homotopies induced 
by ambient isotopies. Then there exists a minimizing sequence {{T t } k } G A such that, if 
{T^} is a min-max sequence, then D(r^, V s ) — > 0. 

This Proposition is Proposition 4.1 of [6]. Though stated for the case n = 2, this assump- 
tion, in fact, is never used in the proof given in that paper. Therefore we do not include a 
proof here. 

2.2. Almost mimimizing varifolds. It is well known that a stationary varifold can be far 
from regular. To overcome this issue, we introduce the notion of almost minimizing varifolds. 

Definition 2.3. Let e > and U G M open. A boundary dVL in M is called e-almost 
minimizing (e-a.m.) in U if there is NO 1 -parameter family of boundaries {dQt}, t G [0, 1] 
satisfying the following properties: 



2. Proof of Theorem 0.7 



Properties (si), (s2), (s3), (swl) and (sw3) of Definition 0.2 hold; 
Qq = Q and fit\U = Q\U for every t; 

n n (dn t ) < n n (dn) + § for ail t e [o, i],- 

?T(«9fii) < K n (dn) -e. 



(2.1) 
(2.2) 
(2.3) 
(2.4) 
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A sequence {dQ k } of hypersurfaces is called almost minimizing in U if each dQ k is e^-a.m. 
in U for some sequence Ek — > 0. 

Roughly speaking, dQ is a.m. if any deformation which eventually brings down its area 
is forced to pass through some surface which has sufficiently larger area. A similar notion 
was introduced for the first time in the pioneering work of Pitts and a corresponding one is 
given in [21] using isotopies (see Section 3.2 of [6]). Following in part Section 5 of [6] (which 
uses a combinatorial argument inspired by a general one of [2] reported in [16]), we prove in 
Section 3 the following existence result. 

Proposition 2.4. Let A be a homotopically closed family of sweepouts. There are a function 
r : M — > R + and a min-max sequence T k = F k such that 

(a) {r fc } is a.m. in every An G AJ\f r ( x \{x) with x G M; 

(b) T k converges to a stationary varifold V as k — > oo. 

In this part we introduce, however, a new ingredient. The proof of Proposition 2.4 has 
a variational nature: assuming the nonexistence of such a minmax sequence we want to 
show that on an appropriate minimizing sequence {{r t } fc }, the energy jF({r i } fc ) can be 
lowered by a fixed amount, contradicting its minimality. Note, however, that we have one- 
parameter families of surfaces, whereas the variational notion of Definition 2.3 focuses on a 
single surface. Pitts (who in turn has a stronger notion of almost minimality) avoids this 
difficulty by considering discretized families and this, in our opinion, makes his proof quite 
hard. Instead, our notion of almost minimality allows us to stay in the smooth category: 
the key technical point is the "freezing" presented in Section 3.2 (cp. with Lemma 3.1). 

2.3. Replacements. We complete the program in Sections 4 and 5 showing that our notion 
of almost minimality is still sufficient to prove regularity. As a starting point, as in the theory 
of Pitts, we consider replacements. 

Definition 2.5. Let V G V(M) be a stationary varifold and U C M be an open set. A 
stationary varifold V G V(M) is called a replacement for V in U if V = V on M \ U , 
ll^'ll(M) = ||y||(M) and V\_U is a stable minimal hypersurface T. 

We show in Section 4 that almost minimizing varifolds do posses replacements. 

Proposition 2.6. Let {T^}, V and r be as in Proposition 2.4- Fix x G M and consider 
an annulus An G AJ\f r ( x )(x). Then there are a varifold V , a sequence {T^} and a function 
r' : M -> R+ such that 

(a) V is a replacement for V in An and T- 7 converges to V in the sense of varifolds; 

(b) r j is a.m. in every An' G AJ\f r >( y )(y) with y G M; 

(c) r'(x) = r(x). 

The strategy of the proof is the following. Fix an annulus An. We would like to sub- 
stitute T- 7 = dVti in An with the surface minimizing the area among all those which can 
be continuously deformed into T- 7 according to our homotopy class: we could appropriately 
call it a solution of the (8j) _1 homotopic Plateau problem. As a matter of fact, we do not 
know any regularity for this problem. However, if we consider a corresponding minimizing 
sequence d{Q^ k }k, we will show that it converges, up to subsequences, to a varifold which 
is regular in An. This regularity is triggered by the following observation: on any sufficiently 
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small ball B C An, V 3 \—B is the boundary of a Caccioppoli set IP which solves the Plateau 
problem in the class V(fl 3 , B) (in the sense of Theorem 1.2). 

In fact, by standard blowup methods of geometric measure theory, V 3 is close to a cone 
in any sufficiently small ball B = B r (y). For k large, the same property holds for dQ 3,k . 
Modifying suitably an idea of [21], this property can be used to show that any (sufficiently 
regular) competitor Q £ V(£l 3,k , B) can be homotopized to Q 3,k without passing through 
a surface of large energy. In other words, minimizing sequences of the homotopic Plateau 
problem are in fact minimizing for the usual Plateau problem at sufficiently small scales. 

Having shown the regularity of V 3 in An, we use the Schoen-Simon compactness theorem 
to show that V 3 converges to a varifold V which in An is a stable minimal hypersurface. A 
suitable diagonal sequence T 3 > k ^ gives the surfaces T 3 . 

2.4. Regularity of V. One would like to conclude that, if V is a replacement for V in an 
annulus contained in a convex ball, then V = V (and hence V is regular in An). However, 
two stationary varifolds might coincide outside of a convex set and be different inside: the 
standard unique continuation property of classical minimal surfaces fails in the general case 
of stationary varifolds (see the appendix of [6] for an example). We need more information 
to conclude the regularity of V. Clearly, applying Proposition 2.6 three times we conclude 

Proposition 2.7. Let V and r be as in Proposition 2.4- Fix x £ M and An £ AN r (x)(x) ■ 
Then: 

(a) V has a replacement V in An such that 

(b) V has a replacement V" in any An' £ AAf r ( x )(x) U {J y ^ x AAf r i( y )(y) such that 

(c) V" has a replacement V" in any An" £ AAf r "( y )(y) with y £ M. 
r' and r" are positive functions (which might depend on V and V"). 

In fact, the process could be iterated infinitely many times. However, it turns out that 
three iterations are sufficient to prove regularity, as stated in the following proposition. Its 
proof is given in Section 5, where we basically follow [19] (see also [6]). 

Proposition 2.8. Let V be as in Proposition 2.7. Then V is induced by a minimal hyper- 
surface E (in the sense of Definition 1.5). 

3. The existence of almost mimimizing varifolds 

In this section we prove Proposition 2.4. At various steps in the regularity theory we will 
have to construct comparison surfaces which are deformations of a given surface. However, 
each initial surface will be just a member of a one-parameter family and in order to exploit 
our variational properties we must in fact construct "comparison families". If we consider 
a family as a moving surface, if becomes clear that difficulties come when we try to embed 
the deformation of a single "time-slice" into the dynamics of the family itself. The main 
new point of this section is therefore the following technical lemma, which allows to use the 
"static" variational principle of Definition 2.3 to construct a "dynamic" competitor. 

Lemma 3.1. Let U CC U' C M be two open sets and {9£t\te[o,i] a sweepout. Given an 
e > and a to £ [0, 1] , assume {<9f2 s } se [ 0]1 ] is a one-parameter family of surfaces satisfying 
(2.1), (2.2), (2.3) and (2.4), with Q = E to . Then there is rj > 0, such that the following holds 
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for every a, b, a', b' with to — rj < b < b' < a' < a < to + rj. There is a competitor sweepout 
{dE' t }te[o,i] with the following properties: 

(a) St = E' t for t E [0, a] U [b, 1] and Z t \U' = Z' t \ U' for t E (a, b); 

(b) H n (dZ' t ) < H n (dZ t ) + | for every t; 

(c) H n [d~{) < H n (dZ t ) - | fort E (a',b'). 
Moreover, {dS' t } is homotopic to {dS t }. 

Bulding on Lemma 3.1, Proposition 2.4 can be proved using a clever combinatorial argu- 
ment due to Pitts and Almgren. Indeed, for this part our proof follows literally the exposition 
of Section 5 of [6]. This section is therefore split into two parts. In the first one we use the 
Almgren-Pitts combinatorial argument to show Proposition 2.4 from Lemma 3.1, which will 
be proved in the second. 

3.1. Almost minimizing varifolds. Before coming to the proof, we introduce some further 
notation. 

Definition 3.2. Given a pair of open sets (U 1 ,U 2 ) we call a hypersurface dfl e-a.m. in 

(U 1 , U 2 ) if it is e-a.m. in at least one of the two open sets. We denote by CO the set of pairs 
(f/ 1 ,^ 2 ) of open sets with 

d(U\U 2 )>4 min{ diam{U x ) , diam(U 2 ) } . 

The following trivial lemma will be of great importance. 
Lemma 3.3. If(U\U 2 ) and (V 1 , V 2 ) are such that 

d(U\U 2 ) > 2mm{diam(U l ), diam(U 2 )} d(V\V 2 ) > 2mm{diam(V 1 ), diam(V 2 )} , 
then there are indices i,j E {1, 2} with d (U\ V^) > 0. 

We are now ready to state the Almgren-Pitts combinatorial Lemma: Proposition 2.4 is 
indeed a corollary of it. 

Proposition 3.4 (Almgren-Pitts combinatorial Lemma). Let A be a homotopically closed 
family of sweepouts. There is a min-max sequence {T N } = {dQ^J } } such that 

• T N converges to a stationary varifold; 

• For any (U l ,U 2 ) E CO, T N is 1/N-a.m. in {U l ,U 2 ), for N large enough. 

Proof of Proposition 2.4- We show that a subsequence of the {T fc } in Proposition 3.4 satisfies 
the requirements of Proposition 2.4. For this fix k E N and r > such that Inj (M) > 9r > 0. 
Then, (B r (x),M \ Bg r (x)) E CO for all x E M. Therefore we have that Y k is (for k large 
enough) 1/ A;- almost minimizing in B r (x) or M \ B 9r (x). Therefore, having fixed r > 0, 

(a) either {T k } is (for k large) 1/A>a.m. in B r (y) for every y E M; 

(b) or there are a (not relabeled) subsequence {T k } and a sequence {x k } C M such that 
T k is 1/fc-a.m. in M\B 9r (x k ). 

If for some r > (a) holds, we clearly have a sequence as in Proposition 2.4. Otherwise there 
are a subsequence of {T k }, not relabeled, and a collection of points {x k }kjen C M such that 

• for any fixed j, T h is l//c-a.m. in M \ Bi/j(x k ) for k large enough; 

• x k — * Xj for k — > oo and Xj — > x for j — > oo. 
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We conclude that, for any J, there is Kj such that T k is 1/k— a.m. in M \ Bi/j(x) for all 
k > Kj. Therefore, if y G M \ {x}, we choose r(y) such that B r ^ CC M \ {x}, whereas 
r(x) is chosen arbitrarily. It follows that An CC M \ {x}, for any An G AN r {z){z) with 
z G M. Hence, {T k } is 1/fc-a.m. in An, provided k is large enough, which completes the 
proof of the Proposition. □ 

Proof of Proposition 3.4- We start by picking a minimizing sequence {{r t } fc } satisfying the 
requirements of Proposition 2.2 and such that J r ({T t } k ) < m + gp We then assert the 
following claim, which clearly implies the Proposition. 

Claim. For N large enough, there exists t^ G [0,1] such that Y N := is jf-a.m. in all 
(U 1 , U 2 ) G CO and H n (T N ) > m Q - ^ 

Define 

K N := {tG[0,l]:?T(rf)>mo-^}. 

Assume the claim is false. Then there is a sequence {Nk} such that the assertion of the 
claim is violated for every t G K^ k . By a slight abuse of notation, we do not relabel the 
corresponding subsequence and from now on we drop the super- and subscripts N . 

Thus, for every t G K we get a pair (C/i,*, C^,*) G CO and two families {^i.^r}^^' i? such 
that 

(i) da, t ,r n (£/ M ) c = 9a n (t/ M ) c 

(ii) dVti t o = 

(hi) H n (dn iM ) < n n (dn t ) + ^ 
(iv) n n (dn iM ) < n n (dn t ) - i. 

For every t <E K and every z G {1,2}, we choose C/"/ t such that C/^ CC t/| t and 

d(^,f/2, t ) > 2min{diam(f/{ )t ),diam(f/4J} 

Then we apply Lemma 3.1 with S 4 = Q t , U = Uit, U' = U' it and Q T = £lit T - Let rj it be the 
corresponding constant n given by Lemma 3.1 and let r) t = min{7/i )t , n 2t t}- 
Next, cover with intervals 7, = (t, — r/j, + r/j) in such a way that: 

• tj + r/j < t i+2 - n i+2 for every i; 

• U G K and 77, < % . 

Step 1: Refinement of the covering. We are now going to refine the covering Jj to a 
covering J/ such that: 

• J i C Ii for some z(Z); 

• there is a choice of a £// such that C7/ G , , . } and 

d(t/;,C/;)>0 if J; n 7, ^0; (3.1) 

• each point t G [0, 1] is contained in at most two of the intervals J\. 

The choice of our refinement is in fact quite obvious. We start by choosing J\ — I\- Using 
Lemma 3.3 we choose indices r, s such that dist(f/ r ', ti , U' st ) > 0. For simplicity we can 
assume r = s = 1. We then set U[ = U[ t . Next, we consider two indices p, a such that 
d(U' t2 ,U' at3 ) > 0. If p = 1, we then set J2 = h and U' 2 = U[t 2 - Otherwise, we cover J 2 
with two open intervals J2 and J3, with the property that J2 is disjoint from 1$ and J3 is 
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disjoint from I\. We then choose U' 2 = U[ t and U' z = U' 2t2 . From this we are ready to 
proceed inductively. Note therefore that, in our refinement of the covering, each interval Ij 
with j > 2 get either "split into two halves" or remains the same (cp. with Figure 1, left). 
Next, fixing the notation (a,, bj) = J i} we choose 5 > with the property: 

(C) Each t G K is contained in at least one segment (aj + 5, bi — 5) (cp. with Figure 1, 
right). 



Ji 




Figure 1 . The left picture shows the refinement of the covering. We split I2 
into J2 U J3 because U' 4 = U' lt3 intersects U' 2 = U[ t2 . The refined covering has 
the property that U-nU- +1 = 0. In the right picture the segments (a^, bk) = Jk 
and (0^ + S,bk — 5). Any point r G K belongs to at least one (aj + 5, bi — 5) 
and to at most one Jj \ (aj + 5,bj — 5). 



Step 2: Conclusion. We now apply Lemma 3.1 to conclude the existence of a family 
{dQij} with the following properties: 

• Q itt = Q t if t G" (a*, k) and ft M \ U- = O t \ U[ if t G (a*, 

• ^ n (5a,t) < W n (<^t) + w for every t; 

• H n {dQ ijt ) < n\dVt t ) - i if t G (ai + 5, k - 5). 

Note that, if t G (a^, fej) n (a,,-, 6j), then j — i + 1 and in fact t G" (a^, 6^) for A; ^ i, i + 1. 
Moreover, dist(?7 l ', > 0. Thus, we can define a new sweepout {dQ' t } t e[o,i] 

• ftj = O t if £ G" U Ji; 

• Q' t = Q itt if t is contained in a single 

• n' t = [n t \ (ui u u' i+x )} u [n M n u[\ u [n i+ i, f n f/y if t g n J m . 

In fact, it is as well easy to check that {dQ' t } t( z[o^] is homotopic to {dflt} and hence belongs 
to A. 

Next, we want to compute ^({dQ^}). Ift^K, then t is contained in at most two Jj's, 
and hence dQ' t can loose at most 2 • ^ in area: 

t^K w»(anj) < 7^(010 + i < mo(A )__L. (3 . 2 ) 

If t G -ft', then t is contained in at least one segment (aj + 5, bi — 5) C Ji and in at most a 
second segment J\. Thus, the area of dfl' t gains at least At in U[ and looses at most in 
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U[. Therefore we conclude 

tex =► 7T(anj) < n n (dn t ) - -L < mo(A) _ _L . (3 . 3 ) 

Hence jF({<9f^}) < mo(A) — (8AQ -1 , which is a contradiction to mo(A) = infA^F. □ 

3.2. Proof of Lemma 3.1. Step 1: Freezing. First of all we choose open sets A and B 
such that 

• U CC A CC £ CC [/'; 

• <9S <0 flCisa smooth surface, where C — B \ A. 

This choice is clearly possible since there are only finitely many singularities of dE to . Next, 
we fix two smooth functions tp^ and ips such that 

• <pa + <Pb = 1; 

• v?a £ C C °°(S), <^ £ C C °°(M \ A). 

Now, we fix normal coordinates (z, a) £ <9H <0 fl C x (—5, 5) in a regular (^-neighborhood of 
C fl <9Ht . Because of the convergence of E t to S to , we can fix 77 > and an open C C C, 
such that the following holds for every t £ (t — 77, t + 77): 

• dE t fl C is the graph of a function g t over <9St fl C ; 

• 5 ( nc\c = s t0 nc\c>; 

• E t nC = {(z,a) : <7 < g t (z)}nC, 

(cp. with Figure 2). Obviously, g io = 0. We next introduce the functions 

9t,a,r ■= tPB9t + <PA((l ~ s)g t + sg T ) t,r £ (t - rj,t + rj),s £ [0, 1]. (3.4) 

Since g t converges smoothly to g to as t — * t , by choosing 77 arbitrarily small, we can make 
sup s T ||<7t, s , T — gt He 1 arbitrarily small. Next, if we express the area of the graph of a function 
g over dE to fl C as an integral functional of g, this functional depends obviously only on g 
and its first derivatives. Thus, if T t s T is the graph of gt, s , T , then we can choose 77 so small 
that 

max?T(r tjS|T ) < H(dZ t nC) + ^-. (3.5) 
s lb 

Now, given to — rj < a < a' < b' < b < to + r], we choose a" £ (a, a') and 6" £ (6', b) and fix: 

• a smooth function ip : [a, b] — > [0, 1] which is identically equal to in a neighborhood 
of a and b and equal to 1 on [a", b"]; 

• a smooth function 7 : [a, 6] — > [t — 77, to + 77] which is equal to the identity in a 
neighborhood of a and b and indentically to i n [&", b"]. 

Next, define the family of open sets {At} as follows: 

• A t — E t for t £■ [a, 6]; 

• A t \ B = E t \ B for all t; 

• A t n A = S 7 (t) n A for t £ [a, b); 

• A t n C \ C = E to n C \ C" for t £ [a, 6]; 

• A i nC" = {(z,ff):(j< fi^w^mW} for * G \ a M- 

Note that {<9Af} is in fact a sweepout homotopic to dE t . In addition: 

• At = E t if t £" [a, 6], and A t and S t coincide outside of B (and hence outside of U') 
for ewerT/ t; 

• At n A = S 7( t) n A for t £ [a, 6] (and hence A t D U = E l{t) n 17). 
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Therefore, A t nU — Z to r\U for t G [a", b"], i.e. At H U is frozen in the interval [a", b"]. 
Moreover, because of (3.5), 

H n (dA t C\C)< H n (dE t C\C) + ^- for t G [a, 61. (3.6) 

16 

Step 2: Dynamic competitor. Next, fix a smooth function x '■ [ a " b"] — ► [0, 1] which 
is identically in a neighborhood of a" and b" and which is identically 1 on [a', 6']. We set 

• ~; = A 4 fort £>",&"]; 

• Z' t \A = A t \Aioite [a",b"]; 

• E' t nA = a x{t) n A for t G [a", 6"]. 

The new family {<95£} is also a sweepout, obviously homotopic to {dA t } and hence homotopic 
to {dZ t }. We next estimate 7i n (dZ' t ). For t ^ [a, 6], S£ = S t and hence 

H n {dE' t ) = H n {dZ t ) for [a, 6]. (3.7) 

For i G [a, 6] , we anyhow have S| = S ( onM\B and H£ = A t on C. This shows the property 
(a) of the lemma. Moreover, for t G [a, b] we have 

H n {dz' t ) - H n {dz t ) < [H n (dA t n C) - >r(<9H t n C)] + [ft n (0s; n A) - ft n (<95 t n A)] 

(3 < ^ + [W n (9H / t nA)-W"(9S i nA)]. (3.8) 
16 

To conclude, we have to estimate the part in A in the time interval [a, 6]. We have to consider 
several cases separately. 

(i) Let t G [a,a"} U [b",b]. Then E' t n A = A t n A = S 7(t) n A. However, j(t),t G 
(to — r), to + ??) an d, having chosen 77 sufficiently small, we can assume 

\H n (dZ s nA)-H n (dZ (T nA)\ < ^ for every a, sG (t -rj : t + v) (3.9) 

16 

(note: this choice of r] is independent of a and 6!). Thus, using (3.8), we get 

H n (dZ' t ) < H n (dZ t ) + §. (3.10) 

o 

(ii) Let t G [a", a'] U [6", 6']. Then dZ' t D A = dQ x( $ H A. Therefore we can write, using 
(3.8), 

e 
16 

+ [?T(0n x(t) nA)-w n (ds to nA)] 

(3.9),(2. 3 ) sees . > 

< — + — + - = -. 3.11 
16 16 8 4 y ' 

(iii) Let t G [a', 6']. Then we have E' t n A = n A. Thus, again using (3.8), 

n n (dz' t )-n n (dz t ) < ± + [u n (m 1 nA)-n n (dz to nA)} (3.12) 

16 

+ [W n (0S to nA)-w B (0S i nA)] 

(2.4),( 3 .9) e £ e 

£ T6- £ + l6 «= "2- (313) 
Gathering the estimates (3.7), (3.10), (3.11) and (3.13), we finally obtain the properties (6) 
and (c) of the lemma. This finishes the proof. 



H n (dz>) - n n {dE t ) < — + [n n (dz t0 n A) - n n (dz t n A)] 
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b 

b" 

y 




to~V 

Figure 2. The left picture shows the intervals involved in the construction. 
If we focus on the smaller set A, then: the sets E' t coincide with A t and evolve 
from 5 a to E to (resp. S to to £&) in [a, a"} (resp. [b",b]); they then evolve from 
E to to Qi (resp. Q± to H tQ ) in [a", a'] (resp. [b',b"}). On the right picture, the 
sets in the region C. Indeed, the evolution takes place in the region C where 
we patch smoothly S to with S T ( t ) into the sets A t . 



4. The existence of replacements 
In this section we fix An £ AM r i x ){x) and we prove the conclusion of Proposition 2.6. 

4.1. Setting. For every j, consider the class 7t{p? , An) of sets H such that there is a family 
satisfying f2 = f2i = 5, (2.1), (2.2) and (2.3) for e = j and U = An. Consider next 

a sequence T^ ,k = dQi ,k which is minimizing for the perimeter in the class , An): this is 
the minimizing sequence for the (8J')" 1 -homotopic Plateau problem mentioned in Subsection 
2.3. Up to subsequences, we can assume that 

• n j ' fc converges to a Caccioppoli set Q J ; 

• ri' h converges to a varifold V^; 

• Vi (and a suitable diagonal sequence r j = r j ' ,fe ^) converges to a varifold V". 

The proof of Proposition 2.6 will then be broken into three steps. In the first one we show 

Lemma 4.1. For every j and every y £ An there is a ball B = B p (y) C An and a fco £ N 
with the following property. Every open set H such that 

• dE is smooth except for a finite set, 

• E\B — Q j ' k \ B, 

• andH n (d~) < H n (dQ j ' k ), 

belongs to 7i(Q\An) if k > /co- 
in the second step we use Lemma 4.1 and Theorem 1.2 to show: 
Lemma 4.2. dCl^ H An is a stable minimal hypersurface in An and V^LAn = dQ^LAn. 
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Recall that in this section we use the convention of Definition 1.5. In the third step we 
use Lemma 4.2 to conclude that the sequence T- 7 and the varifold V meet the requirements 
of Proposition 2.6. 

4.2. Proof of Lemma 4.1. The proof of the lemma is achieved by exhibiting a suitable 
homotopy between Q J ' k and S. The key idea is: 

• First deform Q^ k to the set fl which is the union of fi J-,fe \ B and the cone with vertex 
y and base Qi' k PI dB; 

• Then deform f2 to S. 

The surfaces of the homotopizing family do not gain too much in area, provided B = B p (y) 
is sufficiently small and k sufficiently large: in this case the area of the surface T^ k n B will, 
in fact, be close to the area of the cone. This "blow down-blow up" procedure is an idea 
which we borrow from [21] (see Section 7 of [6]). 

Proof of Lemma J^.l. We fix y G An and j G N. Let B = B p (y) with B2 P (y) C An and 
consider an open set H as in the statement of the Lemma. The choice of the radius of 
the ball B p (y) and of the constant k (which are both independent of the set H) will be 
determined at the very end of the proof. 

Step 1: Stretching T^ k n dB r (y). First of all, we choose r G (p, 2p) such that, for every 

k, 

pi,fc j s re g U l ar i n a neighborhood of dB r (y) and intersects it transversally. (4-1) 

In fact, since each T^ ,k has finitely many singularities, Sard's Lemma implies that (4.1) is 
satisfied by a.e. r. We assume moreover that 2p is smaller than the injectivity radius. For 
each z G B r (y) we consider the closed geodesic arc [y, z] C B r (y) joining y and z. As usual, 
(y, z) denotes [y, z] \ {y, z}. We let K be the open cone consisting 

K= |J (y,z). (4.2) 

z£dBnQ3' k 

We now show that QP ,k can be homotopized through a family Q t to a fl\ in such a way that 

• max[ 7i n (dVL t ) — 7i n {dVL^ k ) can be made arbitrarily small; 

• Qi coincides with K in a neighborhood of dB r (y). 

First of all consider a smooth function <p : [0, 2p] — > [0, 2p], with 

• |<p(s) — s\ < e and < if' < 2; 

• (f(s) = s if \s — r\ > e and ip = r in a neighborhood of r. 

Set $(£, s) := (1 — t)s + tip(s). Moreover, for every A G [0, 1] and every z G B r (y) let Ta(z) 
be the point w G [y, z] with dist (?/, w) = A dist (y, z). For 1 < A < 2, we can still define T\(z) 
to be the corresponding point on the geodesic that is the extension of [y, z] . (Note that by 
the choice of p this is well defined.) We are now ready to define Cl t (cp. with Figure 3, left). 

• (l t \ An(y, r — e,r + e) = ^' k \ An(y, r — e, r + e); 

• Cl t n dB s (y) = T s/${M) (lV' fc n dB^ {t:S) ) for every s G (r - e,r + e). 

Thanks to (4.1), for e sufficiently small Qt has the desired properties. Moreover, since 5 
coincides with f2 J,fc on M \ B p (y), the same argument can be applied to S. This shows that 

w.l.o.g. we can assume K — S = f2 fcj in a neighborhood of dB r (y), (4-3) 
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(cp. with Figure 3, right). 

Step 2: The homotopy We then consider the following family of open sets {flt}te[o,i] : 

• tt t \ B r (y) = W> k \ B r {y) for every t; 

• fit H An(y, |1 — 2t\r, r) = K H An(y, |1 — 2t\r, r) for every t; 

• n t n S(i_a)r(y) = n-2*(n fcJ ' n £ r (y)) for t g [o, ±] ; 

• fi t n s ( 2t-i)r(y) = 7-2*-i(s n £ r (y)) for t g [§, lj. 




Figure 3. The left picture illustrates the stretching of T^' into a cone-like 
surface in a neighborhood of dB r (y). The right picture shows a slice Q t r\B r (y) 
fort G (0,1/2). 

Because of (4.3), this family satisfies (sl)-(s3), (swl) and (sw3). It remains to check, 

maxH n (dQ t ) < H n (dW k ) + — Wk > k (4.4) 
t 8j 

for a suitable choice of p, r and k . 

First of all we observe that, by the smoothness of M, there are constants p and po, 

depending only on the metric, such that the following holds for every r < 2p < 2po and 
AG [0,1]: 

H n (K) < prH n - 1 {dQ j ' k ndB r {y)) (4.5) 

H n ([d(r x (W k nB r (y)))]n B Xr (y)) < pH n (dW k n B r (y)) (4.6) 

H n ([d(r x (E n B r (y)))} n S Ar (y)) < pH n (dE n S r (y)) (4.7) 

/•2p 

/ H n ~ l (dCl j,k n dB T {y)) dr < pH n (dn j > k D B 2p (y)) . (4.8) 

JO 

In fact, for p small, p will be close to 1. (4.5), (4.6) and (4.7) give the obvious estimate 
maxH n {dn t ) - H n {dn j ' k ) < pH n {dW k n B 2p {y)) + /irTf" 1 ^'* n 95 P (j/)) . (4.9) 

Moreover, by (4.8) we can find r G (p,2p) which, in addition to (4.9), satisfies 

H n ~ 1 (dD, j,k fl dB r (y)) < ^H n (dn j > k r)B 2p (y)). (4.10) 
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Hence, we conclude 

maxH n (dn t ) < H n {dQ j > k ) + {p + 2p 2 )H n {dQ j > k nB 2p (y)). (4.11) 

Next, by the convergence of = dQP' to the stationary varifold V\ we can choose k§ such 
that 

H n {dW k n B 2p (y)) < 2\\Vl\\(B ip {y)) for k > k . (4.12) 
Finally, by the monotonicity formula, 

\\Vi\\(B4 P (y))<C M \\V j \\(M)p n . (4.13) 
We are hence ready to specify the choice of the various parameters. 

• We first determine the constants \x and p < Inj (M) (which depend only on M) 
which guarantee (4.5), (4.6), (4.7) and (4.8); 

• We subsequently choose p < p so small that 2{p + 2p 2 )CM\\V^\\{M)p n < (8J')" 1 ; and 
k so that (4.12) holds. 

At this point p and k are fixed and, choosing r E {p,2p) satisfying (4.1) and (4.10), we 
construct {dQ t } as above, concluding the proof of the lemma. 

4.3. Proof of Lemma 4.2. Fix j E N and y E An and let B = B p (y) C An be the ball 
given by Lemma 4.1. We claim that Qi minimizes the perimeter in the class V{Q? , B p /2(y)). 
Assume, by contradiction, that S is a Caccioppoli set with H \ B p /2(y) = Cl \ B p /2(y) and 

Per(S) < Per (jV) -77. (4.14) 

Note that, since 1^-,* — > 1^ strongly in L 1 , up to extraction of a subsequence we can assume 
the existence of r E (p/2,p) such that 

, lim 11% - 1 W^\\L^(dB T (y)) = 0. (4.15) 
fc— >oo 

We also recall that, by the semicontinuity of the perimeter, 

Per(iV) < liminfH n (^' fc ) . (4.16) 

fc— >oo 

Define therefore the set S J,fe by setting 

Zi> k = (~nB T (y))U(W> k \B T (y)). 
(4.14), (4.15) and (4.16) imply 

limsup[Per (E j ' k ) -H n {dQ j ' k )] < -n . (4.17) 

fc— »oo 

Fix next k and recall the following standard way of approximating E^ k with a smooth set. 
We first fix a compactly supported convolution kernel </?, then we consider the function 
g e := * ip £ and finally look at a smooth level set A £ := {g e > t} for some t E (|, |). 
Then 7i n (dA £ ) converges to Per (S J,A; ) as e — > (see [11] in the euclidean case and [15] for 
the general one). 

Clearly, A e does not coincide anymore with outside B p (y). Therefore, fix (a, b) C 
(r,p) with the property that E := fl Bb(y) \ B a (y) is smooth. Fix a regular tubular 
neighborhood T of E and corresponding normal coordinates (£, <r) on it. Since S^ k \B T (y) = 
Qi' k \B T (y), for £ sufficiently small dA £ f]B b (y)\B a (y) C T and TnA e is the set {cr < / e (f)} 
for some smooth function / e . Moreover, as £ — > 0, / e — > smoothly. 
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Therefore, a patching argument entirely analogous to the one of the freezing construction 
(see Subsection 3.2), allows us to modify S 7 ^ to a set A J ' fc with the following properties: 

• <9A J,fc is smooth outside of a finite set; 

• A** \B = Qi' k \ B; 

• \imsup k (H n (dA j ' k ) - H n (dtt j ' k )) <-n<0. 

For k large enough, Lemma 4.1 implies that H J,fc G 7i(Q^An), which would contradict the 
minimality of the sequence fi- 7 ' . 

Next, in order to show that the varifold is induced by <9f2 J , it suffices to show that in 
fact 7i n {dVL^ ,k ) converges to 7i n {dVL^) (since we have not been able to find a precise reference 
for this well-known fact, we give a proof in the appendix; cp. with Proposition A.l). On 
the other hand, if this is not the case, then we have 

H n {d& nB p/2 (y)) < limsupTf^d^n B p/2 {y)) 

for some y G An and some p to which we can apply the conclusion Lemma 4.1. We can 
then use f2 J in place of H in the argument of the previous step to contradict, once again, 
the minimality of the sequence {fl^ h }k- The stationarity and stability of the surface <9f2 J is, 
finally, an obvious consequence of the variational principle. 




Figure 4. On the left, the set fi- 7 , the competitor S, one set of the sequence 
{Qi ,k }k and the corresponding B 7 ' . On the right, the smoothing A e of H J ' fe 
and the final set A 5 ' (a competitor for J7- 7 ' ). 



4.4. Proof of proposition 2.6. Consider the varifolds V J ' and the diagonal sequence T- 7 = 
pj>*u) f Section 4.1. Observe that F 7 is obtained from r j through a suitable homotopy which 
leaves everything fixed outside An. Consider An(x,e,r(x) — e) containing An. It follows 
from the a.m. property of {T- 7 } that {T- 7 } is also a.m. in An(x,e,r(x) — e). 

Note next that if a sequence is a.m. in an open set U and U' is a second open set contained 
in U, then the sequence is a.m. in U' as well. This trivial observation and the discussion 
above implies that T- 7 is a.m. in any An e AAf r (x){x)- 

Fix now an annulus An' = An(x,e,r(x) — e) DD An. Then M = An' U (M \ An). For 
any y G M \ An (and y ^ x) consider r'(y) := mm{r(y), dist(y, An)}. If An" G AAf r >( y )(y), 
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then T- 7 PI An" = T- 7 PI An" , and hence {r- 7 } is a.m. in An". If y £ An', then we can set 
r'(y) = mm{r(y),dist(y,dAn')}. If An" £ AAf r n y )(y), then An" C An' and, since {T- 7 } is 
a.m. in An' by the argument above, {T- 7 } is a.m. in An". 

We next show that V is a replacement for V in An. By Theorem 1.3, V is a stable minimal 
hypersurface in An. It remains to show that V is stationary. V is obviously stationary in 
M \ An, because it coincides with V there. Let next An' DD An. Since {An', M \ An} is a 
covering of M, we can subordinate a partition of unity {<pi, <y9 2 } to it. By the linearity of the 
first variation, we get [oV](x) = [5V](<^ix) + [oVJ^x) = [oV](<^ix)- Therefore it suffices to 
show that V is stationary in An'. Assume, by contradiction, that there is x £ X c {An') such 
that [oV](x) < — C < and denote by tp the isotopy defined by = x(i}^(x,t)). We set 

V(t) := i)(t\V &(t) = ^(t,P). (4.18) 

By continuity of the first variation there is e > such that 5V(t)(x) < —C/2 for all t < e. 
Moreover, since — > V(t) in the sense of varifolds, there is J such that 

< -- for j > J and t < e. (4.19) 

Integrating (4.19) we conclude H n {^(t)) < H n (T j ) - Ct/8 for every t £ [0,5] and j > J. 
This contradicts the a.m. property of T- 7 in An', for j large enough. 

Finally, observe that H n {t j ) < H n (T j ) by construction and liminf n ,(ft n (P)-ft"(P')) > 0, 
because otherwise we would contradict the a.m. property of {T- 7 } in An. We thus conclude 
that \\V\\(M) = ||V"||(Af). □ 

5. The regularity of varifolds with replacements 

In this section we prove Proposition 2.8. We recall that we adopt the convention of 
Definition 1.5. We first list several technical facts from geometric measure theory. 

5.1. Maximum principle. The first one is just a version of the classical maximum principle. 

Theorem 5.1. (i) Let V be a stationary varifold in a ball B r (0) C R n+1 . Ifswpp(V) C 
{zn+i > 0} and supp (V) H {z n+1 = 0} ^ 0, then B r {0) PI {z n+l = 0} C supp (V). 

(ii) Let W be a stationary varifold in an open set U C M and K be a smooth strictly 
convex closed set. If x £ supp (V) fl dK, then supp (V) PI B r (x) \ K ^ /or ei>en/ positive r. 

For (ii) we refer, for instance, to Appendix B of [6], whereas (i) is a very special case of 
the general result of [22]. 

5.2. Tangent cones. The second device is a fundamental tool of geometric measure theory. 
Consider a stationary varifold V £ V(U) with U C M and fix a point x £ supp (V) fl £/. 
For any r < Inj (M) consider the rescaled exponential map T r x : B\ 3 z \— > exp x (rz) £ 
B r (x), where exp x denotes the exponential map with base point x. We then denote by 
V x , r the varifold {T?)^V £ V{B X ). Then, as a consequence of the monotonicity formula, 
one concludes that for any sequence {V^ >r . n } there exists a subsequence converging to a 
stationary varifold V* (stationary for the euclidean metric!), which in addition is a cone (see 
Corollary 42.6 of [20]). Any such cone is called tangent cone to V in x. For varifolds with 
the replacement property, the following is a fundamental step towards the regularity (first 
proved by Pitts for n < 5 in [16]). 
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Lemma 5.2. Let V be a stationary varifold in an open set U C M having a replacement in 
any annulus An G AAf r ( x )(x) for some positive function r. Then: 

• V is integer rectifiable; 

• 9(x, V) > 1 for any x G U ; 

• Any tangent cone C to V at x is a minimal hypersurface for general n and (a multiple 
of) a hyperplane for n < 6. 

Proof. First of all, by the monotonicity formula there is a constant Cm such that 

\\V\\(B a (x)) ^ „ \\V\\(BJx)) 



< C M - p forallxGMandallO<CT<p<Inj(M). (5.1) 

pTl. 

Fix x G supp (||V||) and < r < min{r(a;), Inj (M)/4}. Next, we replace V with V in the 
annulus An(x, r, 2r). We observe that ||V'|| ^ on An(x, r, 2r), otherwise there would be 
p < r and e such that supp (\\V ||) n dB p (x) ^ and supp (||V||) D AJ\f(x,p,p + e) = 0. By 
the choice of p, this would contradict Theorem 5.1(h). 

Thus we have found that V'\_An(x, r, 2r) is a non-empty stable minimal hypersurface and 
hence there is y G An(x,r, 2r) with 9(y, V) > 1. By (5.1), 

\\V\\(B ir (x)) _ \\V'\\(B 4r (x)) H^IK^(y)) u n T//w u n 

(4r)» ~ (4r)» (4r)« ~ 2"C M ™' ' 2 n C M ' 1 ' 

Hence, 8(x, V) is uniformly bounded away from on supp (||V||) and Allard's Rectifiability 
Theorem (see Theorem 42.4 of [20]) gives that V is rectifiable. 

Let C denote a tangent cone to V at x and /j^Oa sequence with Vp k — > C. Note that 
C is stationary. We replace V by Vj, in An(x, Xpk, (1 — \)pk), where A G (0, 1/4) and set 
W' k = (T^)^. Up to subsequences we have W' k — > C for some stationary varifold C. By 
the definition of a replacement we obtain 

C = C in B\ U An(0, 1 — A, 1), (5.3) 
HC'IKB,) = \\C\\{B P ) for P G(0,A)U(l-A,l). (5.4) 

Moreover, since C is cone, 



for all p, a G (0, A) U (1 — A, 1). (5.5) 



By the monotonicity formula for stationary varifolds in euclidean spaces, (5.5) implies that C 
as well is a cone (see for instance 17.5 of [20]). Moreover, by the Compactness Theorem 1.3, 
C"l_An(0, A, 1 — A) is a stable embedded minimal hypersurface. Since C and C are integer 
rectifiable, the conical structure of C implies that supp (C) and supp (C) are closed cones 
(in the usual meaning for sets) and the densities 9(-,C) and 9(-,C) are 0-homogeneous 
functions (see Theorem 19.3 of [20]). Thus (5.3) implies C = C and hence that C is a 
stable minimal hypersurface in An(0, A, 1 — A). Since A is arbitrary, C is a stable minimal 
hypersurface in the punctured ball. Thus, if n < 6, by Simons' Theorem (see Theorem B.2 
in [20]) C is in fact a multiple of a hyperplane. If instead n > 7, since {0} has dimension 
< n — 7, C is a minimal hypersurface in the whole ball B\ (recall Definition 1.5). □ 
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5.3. Unique continuation and two technical lemmas on varifolds. To conclude the 
proof we need yet three auxiliary results. All of them are justified in Appendix A. The first 
one is a consequence of the classical unique continuation for minimal surfaces. 

Theorem 5.3. Let U be a smooth open subset of M and S l7 S 2 C U two connected smooth 
embedded minimal hypersurfaces with <9£j C dll. If Si coincides with E 2 in some open 
subset of U , then Ei = S 2 . 

The other two are elementary lemmas for stationary varifolds. 

Lemma 5.4. Let r < Inj(M) and V a stationary varifold. Then 

supp(y) HB r {x) = |J supp(V\_B s (x))ndB s (x). (5.6) 

0<s<r 

Lemma 5.5. Let T C U be a relatively closed set of dimension n and S a closed set of 
dimension at most n — 2 such that V \ S is a smooth embedded hypersurface. Assume V 
induces a varifold V which is stationary in U . If A is a connected component ofT\S, then 
A induces a stationary varifold. 

5.4. Proof of Proposition 2.8. Step 1: Set up. Let x G M and p < Inj (M)/2. Then 
we choose a replacement V for V in An(x, p, 2p) coinciding with a stable minimal embedded 
hypersurface T'. Next, choose s G (0,p) and t G (p, 2p) such that dB t (x) intersects T' 
transversally. Then we pick a second replacement V" of V in An(x, s,t), coinciding with 
a stable minimal embedded hypersurface T" in the annulus An(x, s,t). Now we fix a point 
y G dB t {x) H r' that is a regular point of V and a radius r > sufficiently small such that 
r' n B r (y) is topologically an n-dimensional ball in M and 7 = V fl dB t (x) (1 B r (y) is a 
smooth (n — l)-dimensional surface. This can be done due to our regularity assumption on 
y. Then we choose a diffeomorphism £ : B r (y) — > B\ such that 

C(dB t (x)) C { Zl = 0} and ((r") C {zi > 0}, 

where z\, . . . , z n+ i are orthonormal coordinates in B\. Finally suppose 

C(t) = {(^,z 2 ,...,z n ,g'((0,z 2 ,...,z n ))} and C(r')n{2;i < 0} = {(z u . . . , z n , g'{{z u . . . , z n ))} 

for some smooth function g'. Note that 

• any kind of estimates (like curvature estimates or area bound or monotonicity) for a 
minimal surface T C B r (y) translates into similar estimates for the surface C(r); 

• varifolds in B r (y) are pushed forward to varifolds in B\ and there is a natural corre- 
spondence between tangent cones to V in £ and tangent cones to QV in C(£)- 

We will use the same notation for the objects in B r (y) and their images under £. 

Step 2: Tangent cones. We next claim that any tangent cone to V" at any point w G 7 
is a unique flat space. Note that all these w are regular points of T'. Therefore by our 
transversality assumption every tangent cone C at w coincides in {z\ < 0} with the half 
space T^r' PI {z x < 0}. We wish to show that C coincides with T W V . By the Constancy 
Theorem (see Theorem 41.1 in [20]), it suffices to show supp (C) C T W V . 

Note first that if z G T W V fl {z\ = 0} is a regular point for C, then by Theorem 5.3, C 
coincides with T W V in a neighborhood of z. Therefore, if z G supp (C) fl {z± = 0}, either z 
is a singular point, or C = T W V in a neighborhood of z. Assume now by contradiction that 
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p G supp (C) \ T W V . Since SingC has dimension at most n — 7, we can assume that p is a 
regular point of C. Consider next a sequence A" of smooth open neighborhoods of SingC 
such that T W V \ N 3 is connected and A" — > Sing C. Let A- 7 be the connected component of 
C \ N 3 containing p. Then A J is a smooth minimal surface with <9A J C dNK We conclude 
that A J cannot touch {zi = 0}: it would touch it in a regular point of supp (C)n{zi = 0} and 
hence it would coincide with T W V \ N° , which is impossible because it contains p. If we let 
A = UA J , then A is a connected component of the regular part of C, which does not intersect 
{zi = 0}. Let W be the varifold induced by A: by Lemma 5.5 W is stationary. Since C is 
a cone, W is also a cone. Thus supp (W) 3 0. On the other hand supp (W) C {z\ > 0}. 
Thus, by Theorem 5.1 (i) , \z\ = 0} C supp (W). But this would imply that \z\ = 0} PI T W V 
is in the singular set of C: this is a contradiction because the dimension of {z\ = 0} PI T^r' 
is n — 1. 

Step 3: Graphicality. In this step we show that the surfaces T' and T" can be "glued" 
together at dB t (x), that is 

r" C r' in B t (x) \ B t _ £ (x) for some e > 0. (5.7) 

For this we fix z 6 7 and, using the notation of Step 2, consider the (exterior) unit normal 
t(z) to the graph of g'. Let T* : M n+1 — > M n+1 be the dilation of the (n + l)-space given by 

THz\ = i— i. 



r 

By Step 2 we know that any tangent cone to V" at z is given by the tangent space T Z V and 
therefore the rescaled surfaces T r = T*(T n ) converge to the half space H — {y: r(z) ■ v = 
0,t>i > 0}. We claim that this implies that we have 

lim \Sl^±lM = o (5.8) 

z^z.fer" \z — z\ 

uniformly on compact subsets of 7. We argue by contradiction and assume the claim is 
wrong. Then there is a sequence {zj} C T" with Zj — > z and \(zj — z) ■ r(z)\ > k\zj — z\ 
for some k > 0. We can assume that zj is a regular point of T" for all j G N. We set 
r j = \ z i ~ z \i then there is a positive constant k such that B 2 k r .(zj) PI H — 0. This implies 
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that dist(if, Bk r .(zj)) > krj. By the minimality of T" we can apply the monotonicity formula 
and find 

\\V"\\(B- krj (Zj)) >Ck»r? 

for some positive constant C depending on the diffeomorphism £. In other words there is a 
considerable amount of the varifold that is far from the half space H. But this contradicts 
the fact that the corresponding full space is the only tangent cone. We also point out that 
this convergence is uniform on compact subsets of 7. 

Now we denote by v the smooth normal field to T" with v • (0, . . . , 0, 1) > 0. Let £ be the 
space {(0, «i, . . . , a n ) : G E}. Then we assume that Zj — > z, set rj = dist^-, E) and define 
the rescaled hypersurfaces Tj = (T" nB r (zj)). Then all the Tj are smooth stable minimal 
surfaces in Bi, thus we can apply Theorem 1.3 to extract a subsequence that converges to a 
stable minimal hypersurface in the ball Bi/2- But by (5.8) we know that this limit surface is 
simply T Z V fl B\/ 2 - Since the convergence is in the C 1 topology we have 

lim viz) = t(z). 

Again this convergence is uniform in compact subsets of 7. 

For any z G 7 Theorem 1.3 gives us a radius a > and a function g" G C 2 ({zi > 0}) with 

r" n B a {z) = {(*!, ...,z n , g"(z u . . . , z n )) : z x > 0} (5.9) 
g"(0,Z2,...,z n )=g'(0,z 2 ,...,z n ) and Dg"(0, z 2 , . . . , z n ) = Dg'(0, z 2 , . . . , z n ). (5.10) 

Using elliptic regularity theory (see [10]), we conclude that g' and g" are the restriction of a 
smooth function g giving a minimal surface A. Using now Theorem 5.3, we conclude that 
A C T', and hence that V" is a subset of V in a neighborhood of z. Since this is vaild for 
every z G 7, we conclude (5.7). 

Step 4: Regularity in the annuli. In this step we show that V is a minimal hypersurface 
in the punctured ball B p (x) \ {x}. First of all we prove 

r' n An(x, p, t) = r" n An(x, p, t). (5.11) 

Assume for instance that p G T" \ V. Without loss of generality we can assume that p is a 
regular point. Let then A be the connected component of V" \ (SingT" U SingT') containing 
p. A is necessarily contained in B t - e (x), otherwise by (5.7) and Theorem 5.3, A would 
coincide with a connected component of V \ (SingT" U SingT') contradicting p G T" \ V. 
But then A induces, by Lemma 5.5, a stationary varifold V, with supp (V) C B t - £ (x). So, 
for some s < t — e, we have dB s (x) fl supp (V) ^ and supp (V) C B s (x), contradicting 
Theorem 5.1(h). This proves T" C V. Precisely the same argument can be used to prove 

r c r". 

Thus we conclude that T' U T" is in fact a minimal hypersurface in An(x, s, 2p). Since 
s is arbitrary, this means that V is in fact contained in a larger minimal hypersurface 
T C B 2p (x) \ {x} and that, moreover, T" C T for any second replacement V", whatever is 
the choice of s (t being instead fixed) . 

Fix now such a V" and note that V" \-B s (x) = V\-B s (x). Note, moreover, that by 
Theorem 5.1(h) we necessarily conclude 

s\ipv(v\_B s (x)) ndB s (x) c r 77 c r. 
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Thus, using Lemma 5.4, we conclude supp (V) C T, which hence proves the desired regularity 
of V. 

Step 5: Conclusion. The only thing left to analyize are the centers of the balls B p (x) 
of the previous steps. Clearly, if n > 7, we are done because by the compactness of M we 
only have to add possibly a finite set of points, that is a O-dimensional set, to the singular 
set. In other words, the centers of the balls can be absorbed in the singular set. 

If, on the other hand, n < 6, we need to show that x is a regular point. If x ^ supp (|| V||) 
we are done, so we assume x G supp (||V||). By Lemma 5.2 we know that every tangent 
cone is a multiple 8(x,V) of a plane (note that n < 6). Consider the rescaled exponential 
maps of Section 5.2 and note that the rescaled varifolds V r coincide with (T r x ) -1 (T) = T r . 
Using Theorem 1.3 we get the ^-convergence of subsequences in B\ \ B1/2 and hence the 
integrality of 9 (x, V) = N. 

Fix geodesic coordinates in a ball B p (x). Thus, given any small positive constant c , if 
K G N is sufficiently large, there is a hyperplane ttk such that, on An(x,2~ K ~ 2 ,2~ K ), the 
varifold V is the union of m(K) disjoint graphs of Lipschitz functions over the plane n^, all 
with Lipschitz constants smaller than c , counted with multiplicity ji(K), . . . ,j m (K), with 
ji + . . . + j m = N. We do not know a-priori that there is a unique tangent cone to V at 
x. However, if K is sufficiently large, it follows that the tilt between two consecutive planes 
Tlx and iiK+i is small. Hence ji(K) = ji(K + 1) and the corresponding Lipschitz graphs 
do join, forming m disjoint smooth minimal surfaces in the annulus An(x,2~ K ~ 3 ,2~ K ), 
topologically equivalent to n-dimensional annuli. Repeating the process inductively, we 
find that V\_B p (x) \ {x} is in fact the union of m smooth disjoint minimal hypersurfaces 
T 1 , . . . , r m (counted with multiplicities ji + ■ ■ ■ + j m = N), which are all, topologically, 
punctured n-dimensional balls. 

Since n > 2, by Lemma 5.5, each T l induces a stationary varifold. Every tangent cone to 
T* at x is a hyperplane and, moreover, the density of T* (as a varifold) is everywhere equal to 
1. We can therefore apply Allard's regularity Theorem (see [1]) to conclude that each T l is 
regular. On the other hand, the T l are disjoint in B r (x) \ {x} and they contain x. Therefore, 
if m > 1, we contradict the classical maximum principle. We conclude that m = 1 and hence 
that x is a regular point for V. 

Appendix A. Proofs of the technical lemmas 
A.l. Varifolds and Caccioppoli set limits. 

Proposition A.l. Let {Q k } be a sequence of Caccioppoli sets and U an open subset of M. 
Assume that 

(i) Dl n k — > DIq in the sense of measures in U; 

(ii) Per (Q k , U) -> Per (Q, U) 

for some Caccioppoli set Q and denote by V k and V the varifolds induced by d*Q k and d*Q. 
Then V k — * V in the sense of varifolds. 

Proof. First, we note that by the rectifiability of the boundaries we can write 

V k = H n Ld*n k ®6 Txd * nk and V = H n Ld*n ® S Txd *n , (A.l) 

where d*Q, d*Q k are the reduced boundaries and T x d*Q is the approximate tangent plane 
to Q in x (see Chapter 3 of [11] for the relevant definitions). With the notation /i £g) a x we 
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understand, as usual, the measure v on a product space 1x7 given by 

v{E) = J J l E (x, y) da x (y) dfi(x) , 

where [i is a Radon measure on X and x i— > a x is a weak* /i-measurable map from X into 
A4(Y) (the space of Radon measures on Y). 

By (m) we have || V fe || — > \\V\\ and hence there is W G V(U) such that (up to subsequences) 
V k — > W. In addition, ||V|| = ||W||. By the disintegration theorem (see Theorem 2.28 in 
[3]) we can write W = 7i n \-d*VL ® a x . The proposition is proved, once we have proved 

(CI) a xo = 6 Txod * n for 7-T-a.e. x G d*tt. 

To prove this, we reduce the situation to the case where Q is a half space by a classical 
blow-up analysis. Having fixed a point Xq, a radius r, and the rescaled exponential maps 
T£ : B\ — > B r (xo) as in Subsection 5.2, we define 

• V? := TOjT 1 ^ and K := (I^V; 
. fi r fe := (T;)- 1 ^) and fi r := (T^)" 1 ^). 

Clearly, and Q k are related by the same formulas as in (A.l). Next, let G be the set of 
radii r such that H n (d*Vt k n dB r (x )) = H n (d*Q D dB r (x )) = for every fc and observe 
that the complement of G is a countable set. Denote by H the set {x± < 0}. Then, after a 
suitable choice of orthonormal coordinates in £>i, we have 

(a) Dl Q k — » -DIq,. and Per (fi*, Si) — > Per (fl n £>i) for — > oo and r G G; 

(b) Dln^ — > -Dl_ff and Per (fi r , Bi) -> Per (if, Bi) for r -> 0, r G G; 

(c) T <9*# = T Xo d*Q; 

(d) — » V r for — > oo and r G G. 

(The assumption r 6 G is essential: see Proposition 1.62 of [3] or Proposition 2.7 of [9]). 
Next, for 7i n -a.e. Xq G d*Q we have in addition 

(e) V r ->H n \-d*H ®a xo 

(in fact, if P C C(¥ n M.) is a dense set, the claim holds for every xq which is a point of 
approximate continuity for all the functions x i— > J Lp(y)da x (y) with <£> G Z>). 
By a diagonal argument we get sets = ^J? ) such that 

(f) Dl fih -> D1 H and Per (fi fc , Si) -> Per (if, Si); 

(g) H n L<9*fi fe <g> 5 Tx9 ^ k -> H n \-d*H g> a, . 

Let ei = (1, 0, . . . 0) and ^ be the exterior unit normal to <9*r2 fc . Then (f) implies 

lim / ||z/-ei|| 2 = lim ( 2H n (d*tt k ) - 2 / (z/, ei) J = 0. 

This obviously gives H n Ld*£l k <g> 5 Txd *Q k — > H n Ld*H ® 5t 8*h, which together with (c) and 
(g) gives a IO = St 8*h = &t x d*n, which is indeed the Claim (CI). □ 

A. 2. Proof of Theorem 5.3. Let W C U be the maximal open set on which Si and E 2 
coincide. IfW^U, then there is a point p E W C\U. In a ball B p (p), E 2 is the graph of a 
smooth function w over Si (as usual, we use normal coordinates in a regular neighborhood 
of Si). By a straightfoward computation, w satisfies a differential inequality of the form 
| A %3 DfjW | < C(|.Diu| + \ w\) where A is a smooth function with values in symmetric matrices, 
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satisfying the usual ellipticity condition > A|£ 2 |, where A > 0. Let x G U be such 

that dist(x,p) < e. Then w vanishes at infinite order in x and hence, according to the 
classical result of Aronszajn (see [4]), w = on a ball B r (x) where r depends on A, A, C 
and dist(x, dB p {p)), but not on e. Hence, by choosing e < r we contradict the maximality 
of W. 

A.3. Proof of Lemma 5.4. Let T be the set of points y G supp (V) such that the approxi- 
mate tangent plane to V in y is transversal to the sphere dB\ y ^ x \{x). The claim follows from 
the density of T in supp (V). The (quite short) proof of this statement can be found for 
instance in Appendix B of [6] (cp. with Lemma B.2 therein). 

A. 4. Proof of Lemma 5.5. Set r r := V \ S and denote by H the mean curvature of Y r 
and by v the unit normal to T r . Obviously H = 0. Let V be the varifold induced by A. We 
claim that 

[SV'Kx) = [ div AX = - [ H X -v (A.2) 

J A J A 

for any vector field x £ X C {U). 

The first identity is the classical computation of the first variation (see Lemma 9.6 of 
[20]). To prove the second identity, fix a vector field x an d a constant e > 0. W.l.o.g. we 
assume S C T. By the definition of the Hausdorff measure, there exists a covering of S with 
balls B Ti {xi) centered on X{ G S such that < e and J2i r ?~ 1 — e - By the compactness of 
S fl supp (x) we can find a finite covering {B ri (xi)}i^i^ t N}- Fix smooth cutoff functions </?j 
with 

• ipi = 1 on M\ B 2n { x i) an d ¥i — on B n {xi); 

• < ^ < 1, |V^| < Crr 1 . 

(Note that C is in fact only a geometric constant.) Then Xe '■= X^fi is compactly supported 
mU\S. Thus, 

/ div AXe = - I Hxe-v (A.3) 
JA Ja 

The RHS of (A.3) obviously converges to the RHS of (A.2) as e — > 0. As for the left hand 
side, we estimate 

/ |div A (x-x £ )| < V / (||Vx||c° + Hxl|c°||V^|| c o) 

^A i JB ri (xi)nA 

< 11^11(^(^)11x11^(1 + Cr- 1 ) < CHxllc^^ + ^r 1 ) < Ce ( A - 4 ) 

where the second inequality in the last line follows from the monotonicity formula. We thus 
conclude that the LHS of (A.3) converges to the LHS of (A.2). 
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